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Abstract

In our paper we develop a model for an automotive with non-linear suspension. The non-linearity is
established with a third order function for the stress-strain dependency. In our model we determined the
equilibrium positions or both the hard and soft stiffness and we studied the stability of these positions

1. INTRODUCTION

We consider the automobile modeled by a two degrees of freedom model as it can be
seen in Figure 1. The second stiffness is a nonlinear one, and the elastic force, which
appears in such an element is

F, =k,z+e,Z°, (1)
where z is the elongation of the element, k, >0, and e, can be positive or negative. At
equilibrium, one obtains the equations:

M,g=K,Z, +€,Z3; Mg =Kz, - K, - €,23. 2
Representing now the forces for the moving status and applying the Newton’s second law,
we obtain the equations:

m121:k2(22' Z - 220)+62(22 -7 - Zzo)3 - k1(21' Zlo)' mg,

. 3)
m,z, =- kz(zz -7 - Zzo)' ez(zz -z - Zzo)3 - mg.
From equations (2) and (3) we get:
mz = kz(zz - Zl) +ez(zz - 21)3 } 392(22 - 21)2 Zy +3ez(21 - Z10)2220 - kzy; )
mzzz =- kz(zz - 21)' ez(zz - 21)3 +3€2(22 - 21)2220 - 332(22 - 21)2220-
Denoting:
Z =Xy Z; =Xy, 21 = X502, =Xy, (5)

results the following system of four first order non-linear differential equations
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Fig. 1. Model of an automobile with non-linear suspension.
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dx, _ . dx, _ .
d T
dx
mld_t3: Ky (X, - X )+ €, (X, - %, )° - 3e,(X, - X,)? 2,0 +38,(X, - X,)22 - KXy (6)
dx
M2 dt4 = kZ(Xz } Xl)' ez(xz } Xl)3 +3e2(xz - X1)2 Zy - 38, (XZ ) Xl)ZSO.

2. ESTABLISHING THE EQUILIBRIUM POSITIONS

The equilibrium positions are at the intersections of the nuliclines. From equations (6),
one obtains:
X; =0; x, =0;
kz(xz - X1)+ ez(xz - Xl)3 - 362 (Xz - X1)2 Zy +3€2(X2 - X1)2220 - k1X1 =0; (7)
- kz (Xz - Xl)' ez(xz - X1)3 + 362(X2 - X1)2220 - 362(X2 - X1)2220 =0.
Summing the last two relations (7) results x, =0 and, replacing in the third relation (7), we
deduce
Xz(ezxg - 38,X,Zy +362230 + k2)=0. 8
We immediately obtain a first solution, name it x, =0.
In the case of the hard stiffness it follows e, >0. In this situation, the second order
equation in (8) has the discriminate
D=-3e2z5, - 4e,k, <0. 9)
Therefore, the only equilibrium position is given by
X; =X, =Xz =X, =0. (10)
In the case of the soft stiffness we have e, <0. From relation (9) is easy to see that
for e, 1 §- g:—z,o% the discriminate can be positive and two new solutions can appear.
20

Thus, in this situation, generally speaking, we have three equilibrium positions: one given
by relation (10) and other two obtained from (10) replacing x, by the solution of the

second order equation in (8).
3. STABILITY OF THE EQUILIBRIUM POSITION FOR HARD STIFFNESS

The system (6) can be written in the form

%: . %:X‘l; dX3 - kz +k1 +3922220 X, + kz +3e2250 +NL,;
dt dt dt m, m, 1
dx4 kZ +3e22220 k2 +3e22220 ( )
= - + NL,,
dt m, m,
where NL stays for non-linear terms. Denoting:
a, = k, +k +3e,2% a, = k, +3e,25, a, = k, +3e,22, a, = k, +3e,22, | 12)

m m m, m,
the characteristic equation reads
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-1 0 1 O
O -1 0 1 o (13)
A3 g -1 0
ay a, 0 -1
or, equivalently,
14~ 2(‘5142 + a31)+ Q3184 = A8 = 0. (14)

The equation (14) is a two-quadratic one, and the second order equation corresponding to
it has the discriminate

2
D:(a42 - a31) +4a41332- (15)
Recalling the expression (12), we observe that a,, <0, a,, >0, a, >0, a, <0, so the
discriminate is strictly non-negative. In addition, we have
2
Ay T3y <\/(a42 + a31) - 4a41a32 ) (16)
therefore the roots of the two-quadratic equation attached to the characteristic equation

are both real and negative. We deduce that the characteristic equation has four pure
imaginary roots and the equilibrium is a simply stable one.

4. STABILITY OF THE EQUILIBRIUM POSITIONS FOR THE SOFT STIFFNESS

In this case, the characteristic equation reads

4 2 * * * * * * —
1= - (a42 + a31) + a5,8,, - Ay = O’ (17)
where we denoted:
* 2 * 2
Q= k, +3e, (xz) - 6e,X,2,, +3e,Z5, + K,
31 y
m,
* 2 * 2 * 2 * 2
.k, + 3e2(x2) - 6e,X,2,, +36,25, . _ Kk, +3g, (xz) - 66,X,2,, + 36,2, 18
6132 - ] a41 - 1 ( )
m, m,
* 2 * 2
Q. =- k, +3e, (xz) - 66,X,2,, + 38,75,
42 m2

In expressions (18) we marked by x; the value of x, for one of the three equilibrium
positions in this case. The two-quadratic equation (17) has the solution

&, -a k1C+Ja% a, K8 gk g
27 Gz T IS 27 G T X —dp
— g * m g g * m, g m, * (19)

|
2,3,4
L 2

. : k : k .
It is easy to see that if a,, - a,,- —>0 orif a,, - a,, - —<0 but a,, >0 there exists at
m m,
least one value | , which is positive, therefore the equilibrium is unstable.
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